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(Received October 20, 1976)

Structure factors, similar to the number-concentration structure factors of a binary alloy, are
introduced for multicomponent mixtures. Expressions for the long wavelength limit of these
(and hence of the related, more conventional) structure factors are derived in terms of the
various thermodynamic quantities and their variation with concentrations for some special
cases is discussed.

1 INTRODUCTION

The structure (and therefore scattering etc., by) of a mixture containing v
species of atoms is described, in general, by $w(v + 1) independent structure
factors. These are usually defined such that each structure factor is directly
related to the corresponding atoms pair correlation function, for example,
the well-known partial structure factors a,s(q) or S.s(q), o, f=1,2,...,v
[Faber and Ziman," Ashcroft and Langreth? and Enderby and North®]. For
a binary mixture, one may also introduce, following Bhatia and Thornton,*
the number concentration (N-C) structure factors Syn(g), Syc(q) and
Scc(g), which are respectively associated with the number-number (density),
number—concentration and concentration-concentration correlations. Re-
cently several authors®>~® have found the N-C formalism useful in inter-
preting experimental data and it seems to be of interest to extend this
formalism to multicomponent mixtures.

+ Work supported in part by the National Research Council of Canada.
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In Section 2, we define the N-C structure factors for a multicomponent
mixture and give some of their formal properties. The expressions for the
long wavelength (wave number g — 0) limit of these structure factors are
given in Section 3, which, as for a binary alloy, are found to be simply related
to the various thermodynamic quantities. Section 4 discusses the behaviour
of these expressions for some simple models of the mixtures. Finally, in
Section 5, the relationship between the N-C structure factors and the partial
structure factors a,4(q) is derived to obtain explicit expressions for a,z(0).

2 THE NUMBER-CONCENTRATION STRUCTURE FACTORS

2.1 Notation and definition

Consider a v-component mixture of volume V, containing N, atoms of type «
where « takes the values 1, 2, ..., v. Let N denote the total number of atoms
and let ¢, be the average concentration of species a:

=g+ N=N +N;+- +N,. (2.1)

Now if n,(r) denote the instantaneous number density of the species «, the
deviation én,(r) from the mean is

() = me) — 52 = 3 80r — Rg) - e 22)

L

where Rj, is the position of the mth atom of type a. Making the Fourier
expansion

1 .
oni(r) = 3, T No@e ™" 2.3)
q
Noq) = f €9 5, ()d
= Ve N o. 2.4)

m

The reality of dn,(r) requires that N, (q) = N¥(—q).



08:59 28 January 2011

Downl oaded At:

STRUCTURE OF MULTICOMPONENT MIXTURES 203

Next let N(q) denote the Fourier transform of the local deviation én(r)
in the total number density n(r) = n,(r) + ny(r) + --- + n(r); then

N(g) = _ZNa(q)- (2.5)

The local deviation in the concentration of the species « may be specified by
8c,(r) = (N~1)(8n,(r) — c,on(r)) (2.6)

so that if dn,(r)/dn(r) is equal to the average concentration of the species «,
namely c,, then d¢,(r) = 0, as it should. Denoting the Fourier transform of
dc,(r) by C,(q), one has

Cla) = [Bemre dr = (NHN@ - G N@). @)
Only v — 1 of C.(q) are, of course, independent of one another since
Y C(@) = 0. (2.8)
a=1

Making now the convention that the first v — 1 concentration variables
are the independent ones, the N-C structure factors may be defined as
(hj=12,....v—-1)

1
Swa(q) = 5 KN*(@N(Q)) (29)
Snc(@) = 3N*@Q)Ci(a) + N(@)CHa)> (2.10)
Sc.c(q) = IN(CHQ)CL9) + Cle)CHa)) (2.11)

where (....) denotes ensemble average. For a fluid mixture, from symmetry,
Syn(g) etc. depend on the magnitude g of q only.

We observe that Egs. (2.9)-(2.11) define, in all, 4v(v + 1) structure factors.
Of these Syn(q) is similar to the structure factor S(g) of a pure fluid, since it is,
like S(g), associated with the fluctuations in the number density of the
atoms. The 4v(v — 1) structure factors S¢,c(q) = [S¢ ,c(9)] are associated
with the intercorrelations between the fluctuations in the v — | (chosen)
independent concentration variables and the remaining v — 1 structure
factors Syc (q), arise from the cross-correlations between the fluctuations in
density and the concentrations. For a binary mixture v = 2,sothati = j = 1,
and Eqgs. (2.9)-(2.11) reduce to the definitions of the three N-C structure
factors Syn(q), Snc(g) and Scq) introduced in Ref. 4. Further significance
of the N-C structure factors will become apparent as we proceed.
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We remark here that throughout the paper we denote, as above, an index
by a Greek letter (« or §) when it runs from 1 to v and by a Roman letter
(i, j, etc.) when it refers to only from 1 tov — 1.

2.2 Sum rules and expression for scattering

Like the case of a binary mixture, Syx(q) etc. defined in (2.9)-(2.11) obey
certain sum rules. The method for obtaining these is standard, for example,
see Ref. 4. One obtains (i,j = 1,2,...,v— 1)

s [Sna) = 0% = = (210)
JSNC,(q)d% =0 (2.11)

and
[tSeci@ = feids ~ cicjarg = 0 @.12)

which show that as g = 0, Syx(q) = 1, Snc(q) = 0, Sc.c(q) = ¢l — ¢)
and S¢.c(q) = —cic;fori #j.
The scattering or X-rays or the coherent scattering of neutrons is essentially
given by the scattering function I(g):
2
> (2.13)

I(q)=};<

where W, [ = W,(q)] is the appropriate form factor for the atoms of type .
Since from (2.5), (2.7) and (2.8)

N{@) = c;iN@ + NC(@), N.(@)=c.N@—-NYClg) (214

2. W,N.(9)
=1

@

one has on using (2.9)-(2.12),
I(g) = |W*Sxn(@) + 3 {WAWF + (W)*AW}Snc(9)
1
+ EZ Y AAWAW, + AW AW IS¢ (9) (2.15)
ij
where

W=YcW, and AW,=W,—-W,. (2.16)
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In obtaining (2.15) we have set {Im N*(q)C(q)) = 0 and {Im C,"(q)C}(q))
= 0 (Im stands for the imaginary part), as expected in general on grounds of
symmetry.® If all the W, are real, or have the same phase, then (2.15) is true
irrespective of whether these terms are zero or not.

3 LONG WAVELENGTH LIMIT OF STRUCTURE FACTORS

As in the case of a binary mixture,* !¢ for g — 0, the N-C structure factors
defined in (2.9)-(2.11) have the following physical meaning:

AN)?
s = B2 5,00 = <anac)
and
SC:Cj = N<AC,ACJ> (31)

where ((AN)?) is the mean square fluctuations in the number of particles
in the volume V of the medium, {(Ac;)?) is the mean square fluctuation in
the concentration of the ith species, Ac; being defined by

AN,’ - C,'AN

AC,'= N

and (ANAc;) and (Ac;Ac;», i # j, represent the correlations between the
fluctuations AN and Ac; and between Ac; and Ac; respectively. The expres-
sions for Syy(0) etc., in terms of the various thermodynamic functions,
may be derived from statistical thermodynamics. One finds, firstly, for the
subgroup of structure factors Scc, (the derivation is lengthy but similar
to that given in Ref. 4 for a binary mixture and is omitted here for brevity)

NkyTG"
Scc(0) = =5

3.2)

where kg is the Boltzmann constant, T the temperature, G is the cofactor
of the element G;; of the v — 1 x v — 1 matrix whose determinant is D:

Gll GIZ Gl v—1
2 22 ... Ga o
D= G-] G.Z 2.v—1t (33)
G\—l 1 G\'—I v—1

where

%G
GU - (aciac)m T.P.¢ (3.4)



08:59 28 January 2011

Downl oaded At:

206 A. B. BHATIA AND V. K. RATTI

G being the Gibbs free energy of the mixture and P the pressure. The sub-
script ¢’ in (3.4) implies that during differentiation with respect to a ¢; all
other concentrations are held constant. Note that in differentiation with
respecttoac;.c,=1— ¢, — ¢;....,¢, -, is to be regarded as a dependent
variable.

For the simple case of a ternary mixture, (3.2) reads

Nkg TG NkgTG
Seic0) = == See(0) = ——,
_ NkgTG,,
S('l('g(o) - D .
with
D =G,,Gy; - (G))* (3.5)

For a binary mixture, of course, one has only S ,(0), the expression for
which is just S¢,¢,(0) = NkgT/G,,, in agreement with the result of Ref. 4.
The g — 0 limit of other structure factors Sy (g) and Syn(g). is given by
v—-1
Sxc(0) = — Y 6,S¢,,(0) (3.6)
J=1
-1

SNN(O) =0- Z 5iSN(‘,
i=1

v=1
=0+ Z 25,61-8(‘(}(0) (3.7
=1
where
N 40V
S (V)kB TK“I" Ky = |4 <ﬁ>1 ‘e
is the isothermal compressibility (at constant ¢,.c,..... ¢._,)and §; are the
dilatation factors:
1 /oV v, — v
6 = —[=— =2 _
I |4 <6C,)~.1'. P.c v (3.8)

where v( = Z;;, v,¢,) is the molar volume, per atom, of the mixture, and a
v;, U, OT v, is the partial molar volume, per atom, of the species indicated by
the subscript on v.

We observe from (3.6) and (3.8) that if all the partial molar volumes

‘v, are equal to one another, then all §, = 0 and hence all Sy.(0) = 0,

indicating that the fluctuations in AN and those in concentrations are



08:59 28 January 2011

Downl oaded At:

STRUCTURE OF MULTICOMPONENT MIXTURES 207

independent of one another, as one might expect intuitively. A given Sy(0)
can, of course, be zero, under less restrictive conditions on v, depending
on the behaviour of S¢ ¢ (0). For example, for an ideal solution, for which
S¢. (0) are given by Eq. (4.5) below, it may be seen from (3.6) that Sy (0) = 0
if v; = v. As regards Sy,(0), it may be noted that if all the §; = 0, then Sy,(0)
has the form corresponding to a pure fluid, namely

N
Svi(0) = (V)ka Tky.

4 Scc(0) FOR SOME SPECIAL CASES

The Gibbs free energy G can be quite generally written as a sum of three
terms:
G = N[ Y caGg°>] + G* + G 4.1)
a=1

where GY” is the molar free energy, per atom, of the species « in its pure
state, G“ is the free energy of mixing for an ideal solution, namely it is just
(— T) times the entropy of random mixing:

G* = NkyT Z, e Ine,, 4.2)

and GE is the excess free energy. The first term in (4.1) is linear in ¢, so that
only the second and third terms contribute to G;; and hence to S¢,¢(0).
(The volume, x; and &, of course depend on the first term and also, depending
on its form, on G£))

Substituting (4.1) and (4.2) in (3.4) and introducing the notation:

X _L EZG_E 4.3
v NkgT \0c,0c;)1. p.n.c 43

one has
1 1

For an ideal solution GZ = 0 and hence X;; = 0,and it is a simple matter to
evaluate the various determinants involved in the expression (3.2) for Sc.c (0).
One obtains

S?.-(‘,(O) = ¢l = ¢;)

S?,(,(O) = —C(iCj. i[#] (4.5)



08:59 28 January 2011

Downl oaded At:

208 A. B. BHATIA AND V. K. RATTI

where the superscript “id” has been added to indicate that these expressions
refer to an ideal solution.

When the solution is not ideal (X;; # 0), the explitii expressions for
Sc.c0) become, in general, progressively involved as v increases. For a
ternary mixture the expressions for S¢,(0) are, usinz (4.4) in (3.5)

[l — ¢y +cye3X5;]

S 0) =
Cnfl() 9
[l —ecy + cie3X,4,]
SCICZ(O) — 2 2 -@ 13 11 (4.6)
—cic[1 + ¢3X42]
Sec(0) = 1C2 _ 3X g2
where
2 ={1+c,(1 —c))X,y; +co(l —c2)X3; — 2046, X,
+ cyc263(X 1, X5 — X)) 4.7

As an example, we examine here the behaviour of S¢ ¢ (0) for the model
of conformal solutions (or of regular solutions in the zeroth approximation)
which has been frequently used’'~'? in discussions on thermodynamic
properties of mixtures. The necessary conditions for the validity of the model
are (a) that the various ratios v,/vs between the atomic volumes of the different
species lie between 3 and 2, as for an ideal solution, and (b) |w,s/ks T| < 2,
where w,4 are, appropriately defined, pairwise interchange energies (w,s = 0,
for o = B). In terms of w,g, GE for this model is given by

GF=NY Y cicpag 438)
a<f
so that
Xy = (ks T) ™00y = 0 = ©3) @9)

remembering that w;; = 0, if { = j. For a ternary mixture, v = 3, and (4.9)
gives ‘

20,5
kg T

Xn:" Xy =

and (4.10)

(wy; — w3 — Ws3)
X, =
12 kg T
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Substituting (4.10) in (4.6) one gets

Scl(‘l(o) = Cl[l - Cl - 2C2C3<;:)_2;:>].@~1
B

Scic(0) = Cz[l —Cy — 2"1"3(%%):'-@_1 4.11)
B
Sc,e)(0) = —cicof 1 + ¢ (@13 = W13 = @3) |y
CiC2 1t2 3 kBT
where
9=1- Z(Clczwlz + 6103wy 3 + €2C3W;3)

kyT

(0}, + ol + 03y — 20,05 — 20,3 0,3 — 20,,0,;)
(kg T)? )

— €€

(4.12)

If in the above expressions we let ¢; =0, ¢; = 1 — ¢,, so that we have a
binary mixture of species 1 and 3, then one has only S ¢ (0) and the expres-
sion for it becomes

(1 —c¢y)

Seict = 1= 2¢,(1 = cy)w,3/ksT (4.13)

which is just the well known expression for S-~(0) for a binary conformal
solution.

There are, of course, other approximations to G® available in the liter-
ature,''~!3 e g. the well known Flory’s approximation which is valid when
w;; are small, as above, but v,/v, deviate considerably from unity. Since the
calculations of S¢(0), once G* is given, are straightforward, we do not
pursue the matter further here.

Experimentally it is often the thermodynamic activities a,, rather than
GE, which are directly measured. If y, = a,/c, denote the activity coefficient
of species «, one has, by definition,

oGt
kgTlny, = <6N )7 » (4.14)

where subscript N’ indicates that all N, (8 # a) are held constant during
differentiation. Hence, remembering that X; is given by (4.3), it is readily
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shown thatt

0 0
X, = [5(: {lny, = In y,.}]T'P.( = [5' {Iny; —In ‘}’\-}]T‘P.c' (4.15)

and conversely,

dlny, Vo
G§i> =X,- Y X, (4.16)
Ci Jr.p.e r=1

Note that X ; = X;;, but, in general, d In y;/0c; # 0 In y;/dc;. The various
¥.. of course, satisfy the usual Gibb- Duhem type relations

dlny,
ZN( aN, >r.r.~'—0. B=12...,v 4.17)

which as most recently emphasized by Darken'* provide useful checks
on the internal consistency of measurements and (or) extrapolations. Using
the fact that JIny,/0Ns; = 0In y,/0N,, and changing the independent
variables to ¢;, Eq. (4.17) may be equivalently writtenas (r,r' = 1,2,...,v — 1)

dlny 6Iny diny
r_ i L =0 .
Z,( 7, "‘:c, 2. (4.18)
withi=12 ..., v — 1 and
v v-1 al
Y Y ittt = 0 (4.19)
a=1 r=1 aCr

where it is understood that (d/0c,) = (0/dc,)r p . etc. Equations (4.18)-
(4.19) may be regarded as generalizations of the corresponding equations
obtained by Darken'* for a ternary mixture.

Finally, it is of interest to consider the mixture in the dilute solution limit,
that is, where one of the components, say c,, tends to unity. For this case
all¢;—0,i=1,2,...,v — 1, and one obtains, to second order in ¢,, the
following expressions for Sc ¢ (0):

Scc0) = ¢l — ¢;) — &ic;

4.20
Sc,c0) = —cic{l + &) P # ] (4.20)

+ Note that for any thermodynamic function

oy aW) R ((-'#) .
— v+~ T bop =i
("Na)r.r.;v (‘?N rre N .=zn e N.‘:.r“( )

where ¢ implies all ¢; are held fixed during differentiation and (8y/éN)r » . is. of course, just
(¥/N) if ¥ is an extensive variable and zero if it is an intensive variabie.
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where ¢;; = (X)), -1- The g; (= ¢;) are identical with the Wagner!® inter-
action coefficients () well known in metallurgy. The latter are defined by

e = | (4102 421
v acj T.P,c’ ey =1 ( ’ )

so that one sees immediately from (4.16) that &% = ¢;;. For a conformal
solution X; are independent of the concentrations and the ¢;; are just given
by (4.9). For a recent tabulation and list of references on experimental
values of the Wagner-coefficients see Sigworth and Elliott.?6:17

5 LONG WAVELENGTH LIMIT OF THE PARTIAL STRUCTURE
FACTORS

The partial structure factors a,g(g) are defined by’

N .
auq) =1+ v f[g,,,(r) — 1]erd3r 5.1
where g,4(r) is the conventional pair distribution function. An alternative
set of structure factors>? is S,4(¢) which are related to a,4(q) by
S.5(g) = 0,5 + (cicp)*(as(q) — 1) (5.2)
and which, in our notation, are*

S.s(q) = 2N) " Mcocp) ™ 2{NX@IN4(q) + N(DN3 (). (5.3)
Remembering that N, (q) are given by (2.14) and Sy,(q) etc. by (2.11), one
finds that a,s(q) are related to Syx(g) etc. by (i, j = 1,2,...,v — 1)

a;(q) = Sny(@) + 1 — (¢ o;j + (e DSnclg) + (cf I)SNCj(Q)
+ (cic)™ )7 'Sc,c,(9) (54)

-1

0(9) = Sun(@) + 1+ (€7 DSwe@) — €6 T See(@ + :Sxe,(@)

ji=1

(5.5)
v—-1 v-1
an(q) = Syn(@) + 1 = (7)) = 2¢71) Y Sne,(@ + (7)Y Y Sec(g)  (56)
i=1 ij=1
and conversely

Snnlg) = Z ancﬂaaﬂ(q) (5.7

a,f=1
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Snelq) = "i( Zlcaaai(q) - zﬁ; Canaaﬂ(q)> (5.8)

v

Sec (@) = c.c,(a.-,(q) - Y clal@) + a @)+ LY c,cpaaa(q))
1 a.p=1

+ ¢;9; ; — cic;. (5.9)

Since the above relations are valid at all g, Egs. (5.4)-(5.6) may be used to
evaluate the g — O limit of a,5. For this one has only to remember that
Snc.(0) and Sy,(0) are related to S¢ ¢ (0) by (3.6) and (3.7) and that S¢ ¢ (0) are
to be determined as described in Section 4. Two special cases for which the
expressions for a;{0) simplify considerably may be noted here.

First. for an ideal solution S¢ ¢ (0) are given by (4.6) and one finds

Snc(0) = —c;A;, Sya(0) = 8 + A? (5.10)
and hence
a,500) = 0 + AT — A, — A, (5.11)
where
6 ==— &= Ycal (5.12)
a=1

If, in addition, the partial molar volumes of the different species are the same,
then all A, = 0 and a,4(0) = 8 for all x and B. For this case, one, of course,
expects that the various a,g(q) will be the same also at all g.

Secondly, if we consider the solution in the dilute limit, taking ¢, — I,
then S¢ ¢ ,(0) are given by (4.20). Using (4.20) and (3.6)-(3.7) in (5.4)-(5.6),
one obtains, for ¢, — 1,

af0)=0-05—6—¢&; Lj=1L2...v—1 (5.13)
a(0) =0 — 5.  a.(0)=6. (5.14)

Equations (5.13) show that even in the dilute limit the a,;(0) depend both
on the dilatation factors and on the deviation of the mixture from ideality,
just as a,,(0) does in a dilute (with ¢, — 1) binary mixture as noted by Bhatia
et al.'® and, in terms of Wagner coefficient ¢, ,, by Bellissent and Desré.!®

6 SUMMARY

In this paper we have defined and discussed some of the properties of the
number-concentration (N-C) structure factors for multicomponent mixtures.
In this (N-C) scheme, the $v(v + 1) independent structure factors, required
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for the description of a v-component mixture, consist of (1) a group of
$v(v — 1) structure factors S¢c(q) which are associated with correlations
amongst the various (v — 1) concentrations, (2) v — 1 structure factors,
Snc(q), associated with the density-concentration correlations and (3) the
structure factor Syy(q) associated with the density-density correlations.
In the g — 0 limit, the expressions for S¢.c(0) are completely determined
if the free energy of mixing (or thermodynamic activities) is known as a
function of concentrations. The determination of Sy, (0) and Syx(0) involves
a knowledge of S¢ ¢ (0), compressibility and the dependence of volume on
concentrations. The behaviour of S¢ ¢ (0) for several special cases is examined.
In particular, for the dilute solution limit S¢ ¢ (0) are found to be simply
related to the well known Wagner interaction coefficients. Finally, the
relationship between the N-C structure factors and the partial structures
a,,(q) is given, which enables one to obtain convenient expressions for
a,5(0) in terms of thermodynamic quantities.
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